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Società Italiana di Fisica
Springer-Verlag 2000

Distribution of eigenfrequencies for vibrating plates

P. Bertelsen1, C. Ellegaard1, and E. Hugues2,a

1 Center for Chaos and Turbulence Studies, Niels Bohr Institute, 2100 Copenhagen Ø, Denmark
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Abstract. Acoustic spectra of free plates with a chaotic billiard shape have been measured, and all res-
onance frequencies in the range 0–500 kHz have been identified. The spectral fluctuations are analyzed
and compared to predictions of the Gaussian Orthogonal Ensemble (GOE) of random matrices. The best
agreement is found with a superposition of two independent GOE spectra with equal density which indi-
cates that two types of eigenmodes contribute to the same extent. To explain and predict these results a
detailed theoretical analysis is carried out below the first cut-off frequency where only flexural and in-plane
vibrations are possible. Using three-dimensional plate dispersion relations and two-dimensional models for
flexural and in-plane vibrations we obtained two first terms of the asymptotic expansion of the counting
function of these eigenmodes. The contribution of edge modes is also discussed. The results are in a very
good agreement with the experimentally measured number of modes. The analysis shows that the two
types of modes have almost equal level density in the measured frequency interval, and this explains the
observed spectral statistics.
For a plate with broken symmetry in the up-down direction (where flexural and in-plane modes are strongly
coupled) experimentally observed spectral fluctuations correspond to a single GOE spectrum. Above the
first cut-off frequency a greater complexity of the spectral fluctuations is expected since a larger number
of types of modes will contribute to the spectrum.

PACS. 03.65.Ge Solutions of wave equations: bound states – 43.40.+s Structural acoustics and vibration
– 03.65.Sq Semiclassical theories and applications – 05.45.Mt Semiclassical chaos (“quantum chaos”)

1 Introduction

The recent field of physics named quantum chaos [1] has
its origin in studies of spectral statistics and semiclassical
approximation of quantum systems whose corresponding
classical dynamics exhibit chaos. But the ideas and meth-
ods of quantum chaos are quite general and can be applied
to many other wave phenomena as well, for example they
were successfully used in the description of high-frequency
resonances in microwave cavities [2,3].

Almost a century ago Weyl [4] started the investigation
of high-frequency vibrations of elastic bodies (for related
works, see e.g. [5]). Recently there has been a renewed
interest in the elastodynamical domain because of the
link with quantum chaos. In references [8–14] connections
between the statistical properties of experimental spec-
tra of vibrations of three-dimensional blocks and Random
Matrix Theory (RMT) [6,7] have been discussed, and in
reference [15] relations between RMT and the amplitude
distribution of acoustic wave functions for plates were in-
vestigated. An extension of semiclassical approximation
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for three-dimensional blocks and for plates was under-
taken in references [16–18] and references [19,20] respec-
tively, showing the relevance of the Periodic Orbit Theory
for elastodynamics.

In reference [21] it was conjectured that for chaotic
quantum systems the statistical properties of spectra are
universal on the scale of the mean level spacing. In par-
ticular, the spectral fluctuations for models with time re-
versal invariance and without any space symmetry should
be similar to those of random matrices taken from the
Gaussian Orthogonal Ensemble (GOE) [6,7]. This univer-
sality has been confirmed in a large number of studies,
e.g. numerically in quantum mechanical models and ex-
perimentally using microwave cavities.

In elastodynamics the equations of motion are vecto-
rial, leading, under a certain hypothesis, to longitudinal
and transverse wave motions characterized by different
sound velocities. Furthermore, depending on the bound-
ary conditions imposed, different waves generally couple
at the surface of the body. These characteristics make vi-
brating solids more difficult to investigate than standard
quantum billiards or microwave cavities.

In this paper we consider vibrations of plates below
the first cut-off frequency [3] where only a few types of
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wave motion exist. To describe the motion of the plate
we shall use simplified two-dimensional models valid at
low frequencies. In [20] flexural vibrations of plates were
already studied from a semiclassical point of view. It was
numerically shown that spectral fluctuations of flexural
modes for a plate with the shape of a chaotic billiard follow
the GOE behaviour.

Here we first present the results of experimental
measurements of about a thousand eigenfrequencies for
chaotic plates. It is demonstrated that experimental spec-
tral fluctuations follow the superposition of two indepen-
dent GOE-like spectra rather than those of a single GOE
spectrum. The main purpose of the paper is to explain
this behaviour theoretically. Though it was known in [3]
that below the first cut-off frequency there exists only two
types of vibrational modes, namely the transversal and in-
plane modes, it was assumed that at low frequencies the
transversal modes dominate the spectrum. By deriving the
Weyl-type formulas [4,5] for the mean number of eigenfre-
quencies we demonstrate that in the experimental range of
frequencies both types of wave motion have approximately
the same density. Since these two types of modes are un-
coupled for an ideal plate, the resulting spectrum should
consist of a superposition of two independent GOE spec-
tra, and this is exactly what we observe experimentally.
To check that this phenomenon is connected with the ex-
istence of two independent modes, we broke the symmetry
of plates in the vertical direction by making small cuts on
one side of the plate. This introduces a strong coupling
between the flexural and in-plane modes, and we expect
to observe spectral fluctuations corresponding to a single
GOE spectrum. This was confirmed experimentally.

The plan of the paper is the following. In Section 2
we describe the experimental setup and the results of our
experiments. In Section 3 we recall some general proper-
ties of three-dimensional elastodynamics. In Section 4 we
introduce appropriate two-dimensional models for flexu-
ral and in-plane modes, and compute the mean number of
eigenfrequencies for both modes with quite a good preci-
sion. Finally in the last section, we interpret the experi-
mental data in light of the preceding theoretical analysis.
In Appendix A the Rayleigh-Lamb dispersion relations are
discussed and in Appendix B we obtain the Weyl expan-
sion for the Poisson model.

2 Experiments

The experimental results presented in this paper are ob-
tained with plates of a special shape called a Sinai sta-
dium. A Sinai stadium is a stadium from which a circle of
diameter equal to the length of the straight part has been
removed at its center (see Fig. 1). In order to have no
geometrical symmetries left, only a quarter of this Sinai
stadium was used. Although this system is not completely
ergodic it is a convenient model of chaotic motion. This
geometry was first used in the context of microwave cavi-
ties in reference [22].

Sinai

1/4 of a

stadium

Fig. 1. A quarter of the Sinai stadium shape: from the sta-
dium, a disk whose diameter is equal to the length of the
straight wall has been removed from the center.

In our experiments we used Sinai stadium plates made
from aluminum with a large radius of 55 mm and a small
radius of 29 mm, while the thickness varied from 1 to
10 mm. The experimental apparatus is the same as the
one used to study the vibrations of quartz blocks [12–14]
(see [12] for a detailed description). To ensure a minimal
coupling the plate is excited at a given frequency by a
piezoelectric transducer via a sapphire stylus (point con-
tact). The response is measured by a similar transducer.
The plate is supported by these two styli plus a third pas-
sive one. In order to minimize the coupling to the air all ex-
periments were done in vacuum (below 10−2 torr). It can
thus be assumed that the plate vibrates with free bound-
ary conditions. The quality factor, defined as Q = f/∆f ,
where f is the frequency and ∆f is the width of a given
resonance, was Q ≈ 10 000 for the measured spectra. All
eigenfrequencies below 500 kHz were identified, providing
about a thousand resonances for each plate.

Aluminum was chosen because of its isotropy, its sharp
resonances, and because any geometrical shape can be eas-
ily produced. The tabulated values of the elastic properties
of pure aluminum [23] are E = 70.3 GPa for the Young’s
elastic modulus and ν = 0.345 for the Poisson coefficient.
However, these manufactured plates (from [24]) were not
made of high-purity aluminum, but only 99.5% pure Al.
Needing a great precision in the determination of the Weyl
formula, these elastic constants were indirectly measured
using the following procedure. For a circular plate the two-
dimensional models (see Sect. 4) can be solved exactly, so
one can fit the elastic constants such that the calculated
eigenfrequencies match with the experimental ones. Con-
sidering the first 100 eigenfrequencies, the best agreement
found is for E = 70 ± 1 GPa and ν = 0.33 ± 0.005 [25].
The measured density is ρ = 2700 kg/m3.

To extract the spectral fluctuations the spectrum was
unfolded (i.e. the eigenfrequencies were divided by the
mean level spacing) using the same method as in refer-
ences [12–14]. However, in order to determine the mean
level spacing, a fit based on the analytical Weyl formula
(obtained in Sects. 3 and 4) was used instead of a polyno-
mial fit. Then, from the unfolded spectrum, the Nearest
Neighbour Spacing Distribution (NNSD) and the Spectral
Rigidity (∆3(L)) were obtained.
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Fig. 2. NNSD (top) and ∆3 (bottom) statistics for the mea-
sured spectrum of the 2 mm thick quarter of a Sinai stadium
plate. Comparison to the Poisson distribution, the single-GOE
distribution and the double-GOE distribution with the same
weight.

The spectral fluctuations for an integrable shape usu-
ally correspond to a Poisson distribution, while those for
a chaotic shape usually correspond to a GOE distribu-
tion. We have found that for the Sinai stadium plate (see
Fig. 2) the spectral fluctuations seem to correspond to a
superposition of two independent GOE spectra of equal
density. We have excluded the lowest eigenfrequencies in
order to improve the statistics, since for a long wavelength,
a mode does not “see” the precise geometry of the plate.
This result is different from quantum billiards and mi-
crowave cavities where an agreement with a single GOE
spectrum is found. To explain and predict this result we
shall consider in the following sections the plate vibrations
from a theoretical point of view.

3 Elastic waves in plates

3.1 Three-dimensional medium

Throughout the paper we shall make the hypothesis of
linear elasticity and we shall restrict ourselves to a homo-
geneous and isotropic material. At any given frequency
and for any given direction three waves can propagate in-
dependently inside the medium [26,29]. One is a longitu-
dinal wave, called P wave (for “primary” or “pressure”),
and the other two are transverse waves, called S waves (for
“secondary” or “shear”). Their velocities are given by

cP =

√
E(1− ν)

ρ(1 + ν)(1− 2ν)
, cS =

√
E

2ρ(1 + ν)
·

These waves generally couple at the surface of the body.
In the case of a flat surface, the P wave and the so-called
SV wave (V is for vertical), whose displacements are in
the incident plane, couple to each other. The so-called SH
wave (H is for horizontal), whose displacement is normal
to this plane, stay uncoupled (and reflects only into it-
self). This coupling, which also depends on the angle of
incidence, is responsible for the very few exact solutions
known in elastodynamics.

3.2 Infinite plates

In the case of an infinite plate, a body limited by two
parallel planes, the geometry is so simple that explicit
dispersion relations can be obtained [28,29]. Elementary
solutions are given by a superposition of incident and re-
flected waves, whose resulting wave propagates along the
plate’s plane direction. These propagating waves are of
two types:

1. Waves whose displacement is in the incident plane,
made of a superposition of P and SV waves: they are
called Rayleigh-Lamb (RL) waves.

2. Waves whose displacement is normal to the incident
plane, made of a superposition of SH waves.

In the following we shall work with the dimensionless
frequency Ω = 2πfh/cS and the dimensionless wavenum-
berK = kh where f is the frequency, k is the wave number
along the plate’s plane direction and h is the thickness of
the plate.

For RL waves, the dispersion relation is

tan(1
2

√
Ω2−K2)

tan(1
2

√
1
κ2Ω2−K2)

+

4K2
√

(Ω2−K2)( 1
κ2Ω2−K2)

(2K2−Ω2)2


ε

= 0, (1)

where κ = cP/cS and ε = ±1. This relatively simple look-
ing dispersion relation, discovered about a century ago,
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Fig. 3. Illustration of the three wave types for infinite plates
and for Ω < π: the antisymmetric RLA wave and the sym-
metric RLS and SHS waves. The symmetry properties of the
displacement components (u,w) relative to the middle plane
of the plate is also shown in this exaggerated figure: for an an-
tisymmetric wave, u is odd and w is even, and for a symmetric
wave, u is even and w is odd.

has an intricate behaviour, which was not completely un-
derstood until only forty years ago [30]. Due to the mirror
symmetry of the plate with respect to its middle plane,
two types of waves are possible. The first is called sym-
metric, since the components of the displacements parallel
and normal to this middle plane are respectively even and
odd with respect to the symmetry (see Fig. 3). The sec-
ond type is called antisymmetric, since these components
are respectively odd and even. Symmetric waves are called
in-plane waves since their mean displacement along a line
normal to the middle plane is along this plane. Corre-
spondingly, antisymmetric waves are called flexural waves
since their mean displacement is normal to the middle
plane. In equation (1) ε = +1 describes symmetric waves
and ε = −1 describes antisymmetric waves. At a given
frequency only a finite number of propagating waves ex-
ist, each belonging to a different family. Each family is
bounded from below by a certain cut-off frequency. Below
the first one, i.e. for Ω < π, only two families coexist; one
symmetric (denoted hereafter RLS) and one antisymmet-
ric (denoted RLA).

For SH waves, the dispersion relation is

Ω2 = K2 + (nπ)2, (2)

for the nth family of waves, where n is a positive integer.
Here we clearly see that the nth family only exists above
the cut-off frequency nπ. When Ω < π, only the family
n = 0 exists, which is symmetric and is denoted SHS (see
Fig. 3).

Above the first cut-off frequency fc = cS
2h the wave-

length is sufficiently small to permit the presence of a
nodal point in the thickness direction. So intuitively, fc

is the frequency above which these waves become three-
dimensional waves. The effect of these cut-off frequencies
can clearly be seen for finite plates on the eigenfrequencies
counting function (staircase function) as shown in Fig-
ure 4 where the measured spectra of plates with thick-
nesses from 1 mm to 10 mm are plotted. Since the mea-
sured frequency interval is 0–500 kHz, the effect is only
visible for h = 5 mm where fc = 312.2 kHz, and for
h = 10 mm where fc = 156.1 kHz. Above any cut-off
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Fig. 4. Experimental staircase function for the Sinai stadium
plates of thicknesses varying between 1 and 10 mm. Insert:
value of the staircase function at 150 kHz as a function of the
inverse thickness.

frequency a new wave family appears, causing a sudden
increase in the slope of the staircase function.

3.3 Finite plates

We now consider plates bounded by edges, which do not
break the symmetry of the plate relative to its middle
plane. To satisfy the free edge boundary conditions, a su-
perposition of the propagating RL and SH waves occurs
for each eigenfrequency. But besides these waves there ex-
ist, due to the finiteness of the plate, a number of edge
waves corresponding to solutions of (1) and (2) with com-
plex values of K [28,29]. The edge waves are characterized
by the condition that the mean displacement decreases
exponentially as a function of the distance from the edge.
The presence of these edge waves makes the calculation of
the scattering phase of the propagating waves difficult.

To extract the approximate scattering phase, one can
use a high order two-dimensional model (derived from the
three-dimensional equations) which approximately takes
these edge waves into account in the frequency range of
interest [31]. Furthermore, in the symmetric case equa-
tion (1) has a complex branch of solutions beginning at
zero frequency, and it was shown both theoretically [31]
and experimentally [32] that this branch contributes to
the edge waves. A study of a high order two-dimensional
model has shown that for Ω < π the Poisson model (de-
scribed in Sect. 4.2) is sufficient to estimate the Weyl for-
mula. The effect of the edge waves will be further discussed
in Section 5.

Since the boundary conditions at the edge do not break
the symmetry, there are symmetric eigenmodes (made
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mainly of SHS and RLS waves) and antisymmetric eigen-
modes (made mainly of RLA waves). These two types of
eigenmodes explain why the observed spectral fluctuations
seem to be those of a superposition of two independent
spectra (Fig. 2).

In the following we shall estimate the Weyl formula
using the asymptotic expansion of the staircase function
N(f) =

∑
nΘ(f−fn) at large f . The first main term (the

surface term) is

N(f) ∼ S

4πh2

∑
m

K2
m(Ω), (3)

where S is the surface area of the plate and Km(Ω) is
the value of K for the wave family m at the frequency Ω,
given by the corresponding dispersion relation.

In the region of interest (i.e. Ω < π) the RLS and
RLA dispersion relations obtained from (1) can be ap-
proximated by:

KRLS(Ω) ≈ 1
κ′
Ω[1 + aS,1Ω

2 + aS,2Ω
4 + bSΩ

6], (4)

KRLA(Ω) ≈ 121/4

√
κ′

√
Ω[1 + aA,1Ω + aA,2Ω

2 + bAΩ
3], (5)

where κ′ =
√

2/(1− ν). The a’s are the true coefficients
of the expansions, and the b’s are fitted such that these
expressions lead to errors less than one level for the mean
staircase function (see Appendix A). For SHS waves the
dispersion relation (2) gives:

KSHS(Ω) = Ω. (6)

However, in order to describe precisely what is happening
in the experiments we have to know the staircase func-
tion accurately, and considering only the surface term in
its asymptotic expansion is clearly not sufficient. In the
following section we introduce two-dimensional models of
plates for which the following asymptotic term, propor-
tional to the perimeter, can be evaluated. The perime-
ter term takes into account the boundary conditions and
the scattering phase of the waves. The precision needed
will then be attained using not the dispersion relations of
these two-dimensional models but the three-dimensional
ones (see Eqs. (4, 5, 6))

4 Two-dimensional plate models

At this stage, we can relate the three-dimensional analy-
sis to the approximate two-dimensional models describing
the motion of the middle plane of the plate (see [26–29]).
We have chosen the simplest models describing what is
happening below the first cut-off frequency.

4.1 A model for the flexural waves

Assuming that a line normal to the middle plane remains
straight after the deformation and normal to the deflected
surface, the following biharmonic equation for the trans-
verse displacement w of the middle plane is found:

ρh
∂2w

∂t2
= −D∆2w, (7)

where D = Eh3

12(1−ν2) is the flexural rigidity and ∆ is the
two-dimensional Laplacian operator. This flexural model
is called the Kirchhoff-Love model [26,29]. In a curvilin-
ear coordinate system (l, n), where at the edge, l is the
curvilinear abscissa and n is the normal coordinate posi-
tive at the interior of the domain, the free edge boundary
conditions are

∂3w

∂n3
+(2−ν)

(
∂3w

∂l2∂n
+

dC
dl

∂w

∂l

)
+3C

∂2w

∂l2
−(1+ν)C2∂w

∂n
=0

∂2w

∂n2
+ν

∂2w

∂l2
−νC ∂w

∂n
=0

(8)

where C(l) is the curvature of the edge, and ∂/∂l and
∂/∂n respectively denote the tangent and normal deriva-
tives at the edge. The dispersion relation is (K denoting
“Kirchhoff-Love”)

KK =
121/4

√
κ′

√
Ω,

which is exactly the first term of (5). This proves that this
model represents the RLA waves at small frequency, i.e.
when KK � 1. It was studied semiclassically in [20], and
the asymptotic expansion of the staircase function reads

NK(KK) =
S

4πh2
K2
K + βK(ν)

L

4πh
KK + o(KK), (9)

for a plate of surface area S and perimeter L. βK(ν) is
given by

βK(ν) = −1 + 4
[
ν′(2− 3ν′) + 2ν′

√
2ν′2 − 2ν′ + 1

]−1/4

− 4
π

∫ 1

0

arctan

[√
1− t2√
1 + t2

(
1 + ν′t2

1− ν′t2
)2
]

dt, (10)

where ν′ = (1− ν). For aluminum, βK(0.33) = 1.7125908.
It was shown in [20] that the spectral fluctuations follow
the GOE behavior for a chaotic shape.

4.2 A model for the in-plane waves

Assuming the plane stress hypothesis, i.e. that transverse
stresses which vanish at the free surfaces also vanish inside
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the plate, one finds the following vectorial equation for the
in-plane displacement u of the middle plane:

∂2u
∂t2

= cP′
2∇(∇ · u)− cS2∇×∇× u, (11)

where cP′ = κ′cS and where the differential operators
are two-dimensional. The approximate model for in-plane
wave motion is known as the Poisson model [28]. The free
edge boundary conditions are simply obtained by writing
that the stresses vanish at the edge.

Except that the constants differ, the equations of mo-
tion for this model have exactly the same form as those
for plane strain. Therefore, the same kind of wave motion
takes place. A transverse S wave with velocity cS coexists
with a longitudinal P′ wave with velocity cP′ smaller than
cP. The dispersion relation of the P′ waves is the first term
of (4) so they represent the RLS waves at small frequency,
i.e. for KP � 1 (P denoting “Poisson”). The dispersion
relation of the S waves is exactly (6), which shows that
they represent the SHS waves. As in three dimensions the
P′ and S waves couple at the edge of the plate. Semiclas-
sically, this gives rise to ray splitting, which enhances the
chaoticity of the ray trajectories [16,17].

Vasil’ev [33] has given the second term of the asymp-
totic expansion of the staircase function which reads

NP(KP) =
S

4πh2
(1 +

1
κ′2

)K2
P

+ βP(ν)
L

4πh
KP + o(KP). (12)

To our knowledge βP(ν) was first calculated in [34] but
with some errors. Its correct expression (see Appendix B)
is

βP(ν) =
4√
s0(ν)

− 3 +
1
κ′

+
4
π

∫ 1

1/κ′
arctan

 (2t2 − 1)2

4t2
√

1− t2
√
t2 − 1

κ′2

dt. (13)

For aluminum βP(0.33) = 2.0857543.

5 Discussion of the results

The number of eigenfrequencies below a given frequency
depends on the plate thickness h as shown in Figure 4. As
it can be seen from the Weyl formula, this dependency is
mostly due to the flexural modes, and is mainly contained
in the surface term √

3Sf
κ′cSh

which varies as 1/h. This behaviour is clearly seen in the
insert of Figure 4, which plots the number of levels below
150 kHz as a function of 1/h.

E x p e r i m e n t
W e y l
F l e x u r a l
I n - p l a n e

Fig. 5. Above: comparison between the experimental stair-
case function (solid line) for the 2 mm thick quarter of a Sinai
stadium plate and the theoretical mean one (dotted line). The
flexural (dashed line) and the extensional (dashed/dotted line)
contributions to the latter are also given. Below: difference be-
tween the experimental staircase function and the theoretical
mean one.

Special care is needed for the edge modes, which con-
tribute to the perimeter terms of the mean staircase func-
tion. In the flexural case [20], the transverse displacement
of such a mode decreases as exp(−αflkKy) where y is the
distance from the edge and αfl =

√
1/κ2
K(ν) − 1 = 0.0548

(see [20], Eq. (20) for the definition of κK(ν)), so we regard
them as measurable. Similarly, in the in-plane case the dis-
placement of a Rayleigh mode decreases as exp(−αinkPy)
where αin =

√
1− s0(ν) = 0.3941 (see Appendix B for

the definition of s0(ν)). Such a value indicates that these
modes will only be detected experimentally if the trans-
ducer is close to the edge of the plate. Actually we expect
the edge waves to couple to the interior waves, especially
at the corners, a mechanism which makes the edge modes
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easier to detect. Therefore we include them in the Weyl
formula.

A very good agreement is found between the experi-
mental staircase function and the theoretical mean one,
as shown in Figure 5. Less levels than predicted are found
in the experimental spectra. The difference oscillates at
small frequencies around 2, then around approximately 6,
to attain about 10 at 500 kHz. A similar behaviour was
found for other thicknesses and shapes. In the case of a
quantum billiard this difference oscillates around a con-
stant value, which is the third term in the asymptotic ex-
pansion of the staircase function. As the NNSD statistics
(see Fig. 2) shows no level repulsion, this difference can
be due to almost degenerate levels identified as one level.
Another explanation can be the lack of detection of some
Rayleigh modes, whose number is essentially independent
of the thickness, and whose contribution to the mean stair-
case is quasi-linear. Finally, we must recall that the elastic
constants are only known within about 1% (see Sect. 2).
Such an uncertainty may cause a nonlinear discrepancy,
giving potentially a maximum deviation of 5 levels (for
each elastic constant). In conclusion, since this agreement
is mainly thickness-independent and shape-independent in
our experiments, we may infer that it validates both the
theoretical and the experimental part of our study.

To predict the spectral fluctuations, one needs to know
the relative mean density of flexural and in-plane modes.
The mean level density is the slope of the mean staircase
function, which to a good approximation is described by
the surface term. Then the mean flexural and in-plane
staircases can be written

N̄fl(Ω) ≈ S

4πh2

√
12
κ′

Ω[1 + 2aA,1Ω],

N̄in(Ω) ≈ S

4πh2
(1 +

1
κ′2

)Ω2, (14)

wide

Cuts :

1.5 mm

Cut : 1.0 mm deep

Thickness 2.0 mm

mode

mode
Mixed

In-plane

Fig. 7. The 2 mm thick quarter of a Sinai stadium plate with
broken symmetry: two 1 mm deep cuts have been made. For
example, it is shown how one cut turns an in-plane wave into
a “mixed” wave.

where the next smaller terms in equations (4, 5) have
been neglected. From these expressions the relative mean
flexural density can be expressed by

ρ̄fl

ρ̄
≈

1 + (17−7ν)

10
√

6(1−ν)
Ω

1 + (47−17ν)

10
√

6(1−ν)
Ω
· (15)

In this approximation the relative mean densities are
shape-independent which is corroborated by the observed
spectral fluctuations. The precision of this approximation
is shown in Figure 6 where it is compared to the exact
value. The in-plane mean density of modes vanishes at
low frequency, since it is proportional to the frequency.
However, already around the first tens of levels, the in-
plane relative mean density is no longer negligible. The
relative mean flexural density decreases rapidly to a value
close to 1/2. Since the level density increases with fre-
quency, the preceding value will concern the majority of
the levels. The spectral fluctuations should then be close
to those of a superposition of two independent spectra of
almost equal densities. This is effectively what is observed,
both for the Sinai Stadium shape (see Fig. 2) and also for
other chaotic shapes. For chaotic shapes, each of the two
independent spectra follow the GOE behavior, a fact that
was expected as mentioned in the previous sections. That
we observe two GOE spectra of almost exactly equal level
density is also related to the fact that the statistical ob-
servables are not very sensitive to small changes in the
relative densities around 1/2. For example, a superposi-
tion with relative densities of 0.65 and 0.35 would give
almost the same result.

To confirm that we effectively observe a superposi-
tion of independent spectra due to the symmetry of the
plate in the thickness direction, we broke the symme-
try by making two cuts (1 mm deep) on one side of the
2 mm thick Sinai stadium plate as shown in Figure 7.
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Fig. 8. NNSD (top) and ∆3 (bottom) statistics for the mea-
sured spectrum of the Sinai stadium plate with two cuts. Com-
parison to the Poisson distribution, the single-GOE distribu-
tion and the double-GOE distribution with the same weight.

As expected, the spectral fluctuations shown at Figure 8
clearly follow those of a single GOE spectrum.

It has been mentioned in Section 3 that the in-plane
modes were made of RLS and SHS waves i.e. of longitudi-
nal and transverse waves which couple at the edges of the
plate. But the question of the existence of purely longitudi-
nal or transverse modes has not been addressed here: this
can hardly be seen from the experimental results as the
longitudinal waves contribute to the total mean number of
modes (see Eq. (3)) to only about 10%. Recently, a closer
look at the in-plane modes [35] which have been separated
from the flexural ones has demonstrated that comparing
the experimental data to a RMT model the longitudinal
and transverse modes may not be fully coupled.

6 Conclusions

High frequency spectra of free aluminum plates have been
measured. Below the first cut-off frequency both flexu-
ral and in-plane modes contribute because of the symme-
try of the plate in the thickness direction. Their approx-
imate theoretical mean staircase function is given up to
the perimeter term, using two-dimensional models of real
plates. The very good agreement between the experimen-
tal and the theoretical staircase function validates both
parts of the study.

The flexural and the in-plane spectra are shown to
have almost equal density at high frequency, a fact which
explains why for classically chaotic shapes the spectral
fluctuations observed are very close to those of a superpo-
sition of two GOE spectra of equal density. This will be the
case for all boundary conditions which do not break the
symmetry, i.e. not only for the present free edge boundary
conditions. When the symmetry is broken by cuts made
in the plate, the different modes couple completely and a
single GOE distribution is observed. Above the first cut-
off frequency new families of modes appear which, cor-
respondingly, will increase the complexity of the spectral
fluctuations.

The authors are greatly indebted to E. Bogomolny, K. Schaadt,
C. Schmit, M. Oxborrow and T. Guhr for numerous fruitful
discussions. This work was supported by the Danish National
Research Council, and one of the authors (E.H.) was supported
by the French Ministry of Education and Research (MENESR).

Appendix A: Rayleigh-Lamb dispersion
relations expansion

In order to write the Weyl expansion of the plate’s stair-
case function as powers of Ω we present here the expan-
sions of Km(Ω) for the Rayleigh-Lamb modes obtained
from the dispersion relation (1). Due to the fact that the
function to be approximated has many singularities, the
expansion will have bad convergence properties. To obtain
a precision of one level in the staircase function for Ω < π,
the expansion is truncated when it fits best, and the next
coefficient is fitted to ensure the required precision.

For the symmetric RLS mode, the expansion required
is given by (4), where

aS,1(ν) =
ν2

48(1− ν)
,

aS,2(ν) =
ν2(7ν2 − 40ν + 24)

23040(1− ν)2 , (16)

where the last term was obtained using Mathematica [36].
For aluminum, aS,1 = 3.386194 × 10−3 and aS,2 =
1.217419 × 10−4, and the next fitted coefficient is bS =
6.5296× 10−6, leading to a maximal error of 5× 10−4.
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For the antisymmetric RLA mode, the expansion [37]
retained is given by (5), with

aA,1(ν) =
√

6(17− 7ν)
240
√

1− ν
,

aA,2(ν) =
607ν2 + 1726ν − 1353

134400(1− ν)
· (17)

The next term of the expansion is an order of magni-
tude bigger than the preceding one, due to the small ra-
dius of convergence of the series. For aluminum, aA,1 =
0.183 167 7 and aA,2 = −7.965 948×10−3, and the next fit-
ted coefficient is bA = 8.679 5×10−4, leading to a maximal
error of 4× 10−3.

Appendix B: Weyl expansion for the Poisson
model

In this appendix we derive the two first terms of the
asymptotic expansion of the staircase function for the
Poisson model. The general method for two-dimensional
problems has been exposed in detail in [20], especially in
Appendix A.

The dominating term proportional to the surface area
is easily obtained from the eigenvalues of the differential
operator and the result is

Ñ1(ω) =
S

4π

(
1 +

1
κ′2

)(
ω

cS

)2

, (18)

where ω = 2πf .
Vasil’ev [33] has given the general expression for the

next term of the form

Ñ2(ω) = βP(ν)
L

4π
ω

cS
, (19)

where L is the perimeter of the plate. As the Poisson and
plane strain equations are of the same form, the calcula-
tion of this term in [34] can be used here. However, some
errors were found, which we correct here.

βP(ν) is made of two contributions. The first one
comes from the discrete spectrum (see [20]) which is rep-
resented here by the Rayleigh modes propagating along
the edge, and exponentially decaying from it. This contri-
bution is

βd.s.(ν) =
4√
s0(ν)

, (20)

where s0(ν) is the unique root in the interval ]0, 1[ of the
following polynomial

s3 − 8s2 + 8
(

3− 2
κ′2

)
s− 16

(
1− 1

κ′2

)
= 0. (21)

The other contribution comes from the continuous spec-
trum. For the 1-dimensional straight-line edge problem the

scattering of waves at the edge can be described by the
scattering matrix S(p, ω) for a wave vector component p
along the edge. The contribution is made of the total phase
of the scattering matrix defined, up to a constant, by

φ(p, ω) = arg detS(p, ω). (22)

But this formula is valid only between the singular points
of the spectrum at which the dimension of the S-matrix
changes and where the phase is discontinuous. In our case
the dimension changes by one and we have a hard singu-
lar point corresponding to a Dirichlet boundary condition
which gives a phase jump of −π2 . To define the phase com-
pletely its origin is defined in such a way that it will not
contribute when the continuous spectrum is absent. Fol-
lowing these rules which were not entirely satisfied in [34]
we get from the definition of the continuous spectrum con-
tribution

βc.s.(ν) =
1
π

∫
dp

φ(p, 1)
2π

, (23)

the following expression:

βc.s.(ν) =

− 3 +
1
κ′

+
4
π

∫ 1

1/κ′
arctan

 (2t2 − 1)2

4t2
√

1− t2
√
t2 − 1

κ′2

dt.

(24)

In conclusion, following [33] we can write

NP(ω) =
S

4π

(
1 +

1
κ′2

)(
ω

cS

)2

+ βP(ν)
L

4π
ω

cS
+ o(ω),

(25)

where βP = βd.s. + βc.s..
This expression has been validated using the integrable

circular plate, for various values of ν.
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